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Abstract1

In 3D printing, fabricators typically subdivide a large object into smaller components each of which2

fits inside the print bed. In this paper, we study two problems motivated by this workflow. A3

connected subset of Rd is defined to be small piece if it fits inside an axis-aligned unit box. Our first4

problem asks for a decomposition of a given simple polygon P into the minimum number of small5

pieces. We present a greedy 4-approximation algorithm for this problem, improving the current best6

factor of 13. While the algorithm’s correctness relies heavily on non-trivial structural properties of7

small decompositions that we discover, the algorithm itself is simple to implement.8

In practice it may be preferable to print several pieces at once, as long as they altogether9

fit within the bed. To capture this, we define and study d–DiscoSmallPartition: a (possibly10

disconnected) subset of Rd is a small region if it fits within a unit box; we look to decompose a11

(possibly non-simple) polyhedron P ⊆ Rd into the minimum number of small regions. We provide a12

general 2d−1-approximation algorithm for the problem and focus on obtaining efficient algorithms13

for the practically relevant cases of d = 2 and d = 3. For the 2D case, we describe a 2-approximation14

algorithm that runs in near-linear time. In 3D, our approximation factor is 4 while the runtime15

is in the order of f · opt where f is the number of faces of P and opt is the number of boxes in16

an optimal decomposition of P . We provide implementations of our algorithms and make it open17

source to support further engineering. Furthermore, we compare the performance of our algorithms18

to an exact primal-dual approach and present experimental results.19
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Valentin Polishchuk: [funding]

1 Introduction20

In manufacturing processes, it is typical that we want to produce a large object P but21

are restricted by fabrication methods that can only produce parts of bounded size. In 3D22

printing, for example, we can only print parts that fit inside the printing volume, which is23

typically a box. Once these parts are produced they are assembled appropriately to form P .24

In order to keep the assembly process as simple as possible, we seek to produce as few parts25

as possible and thus are motivated to partition P into the fewest pieces, each of which is26

“small” in some sense. In other applications, we seek to cover P with the fewest small pieces,27

i.e., the pieces may overlap, but must be contained in P .28

Formal investigation of this class of partitioning/covering problems has been very recent [3]29

and has focused on the 2-dimensional case. A polygon Q is small or is a small piece if it30

fits inside an axis-parallel unit square. A collection Q of small polygons (which we typically31

refer to as small pieces) is a small cover of a polygon P if P =
⋃

Q∈Q Q. Note that each32

Q ∈ Q is a subset of P .33

A small cover Q of P is a small partition of P if the pieces of Q are interior-disjoint. The34

optimization problems SmallPartition and SmallCover seek to minimize the number of35

pieces in a small partition or a small cover of an input polygon P . When the input polygon36

P is simple, Abrahamsen and Rasmussen give a 13-approximation algorithm [3, Table 1] for37

SmallPartition with running time O(n2 + opt log n), where n is the number of vertices38

of P and opt is the number of pieces in the optimal partition of P . Abrahamsen and39

Stade [?] show that both SmallCover and SmallPartition are NP-Hard even in simple40

orthogonal polygons. In private communication (2025), we have learned of the following41

equivalence, which is proven in a paper submitted to SoCG 2026 (authors redacted):42

▶ Lemma 1.1. [1] Let Q and Q′ denote an optimal small cover and partition of a simple43

polygon P respectively. Then, |Q| = |Q′|.44

Lemma 1.1 immediately implies that the 13-approximation for SmallPartition [3] is a45

13-approximation for SmallCover. In this paper, we give a 4-approximation algorithm for46

SmallCover (and therefore, also for SmallPartition).47

▶ Theorem 1.2. Consider a simple polygon P ⊆ R2. There is an algorithm running in48

O(n · opt + opt2) time that returns a small cover of P with at most 4 · opt pieces.49

We prove this result in Section 2. Our algorithm first covers the boundary of P (hereon ∂P )50

using a similar greedy strategy as [3]. We then employ a simple line-sweep algorithm covering51

the left-most uncovered point in each iteration with “maximal” small pieces. While its cor-52

rectness involves non-trivial structural results of our greedy boundary cover (see Lemma 2.2),53

the algorithm itself is straightforward to implement; we provide an implementation and run54

experiments in Section 4.55

In 3D printing, it is typically much more economical to print several pieces at once as56

long as they altogether fit inside the printing volume [2, 19, 22, 18]. We therefore model57

fabricable substructures as disconnected regions that lie inside a unit hypercube and study58

the decomposition of a given shape by such regions. Consider a region Q ⊆ Rd. We say Q is59

small (or that it is a small region) if it fits inside an axis-parallel unit hypercube. Note that60

unlike SmallCover, we do not require Q to be connected; we use “small regions” instead of61

“small pieces” to distinguish these two cases. A collection Q of small regions is a disconnected62
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small cover of a polyhedron P if P =
⋃

Q∈Q Q; a disconnected small partition of P is a cover63

with interior disjoint regions. Our second set of problems of interest is d–DiscoSmallCover64

and d–DiscoSmallPartition: given a (possibly non-simple) polyhedron P in Rd, what is65

the minimum number of pieces in a disconnected small cover (resp. partition) Q of P?66

▶ Remark 1.3. We observe that d–DiscoSmallCover is precisely the problem of covering67

a polyhedron P ⊆ Rd with axis-aligned unit hypercubes, i.e., finding a family S of such68

cubes with P ⊆
⋃

S∈S S. Geometric covering problems of this type have been extensively69

studied. In particular, covering a finite point set with the minimum number of unit balls in70

Rd (typically called d–BoxCover or d–DiscCover) has a history of more than 40 years,71

beginning with early complexity results [13] and followed by a long line of approximation72

algorithms [16, 15, 4, 12, 8]. More recently, the problem of covering a continuous region with73

unit balls chosen from a prescribed candidate set has also been investigated [5, 9].74

▶ Remark 1.4. d–DiscoSmallCover and d–DiscoSmallPartition are NP-Hard even75

when d = 2 and P is a simple orthogonal polygon. This follows immediately from the proof76

of hardness of SmallCover and SmallPartition in [?]; their construction does not use77

the fact that small pieces are connected.78

Given an optimal disconnected small cover Q = {Q1, Q2, . . . , Qk} of P , note that Q′ =79

{Qi \
⋃

1≤j<i Qj | i = 1, 2 . . . k} is a small partition of P . Mirroring Lemma 1.1, we have:80

▶ Observation 1.5. Let Q and Q′ denote an optimal disconnected small cover and an optimal81

disconnected small partition of a polyhedron P ∈ Rd, respectively. Then, |Q| = |Q′|.82

We provide a general 2d−1-approximation algorithm for d–DiscoSmallPartition by83

showing that the problem can be reduced to a series of 1D problems by repeated projection84

onto relevant hyperplanes, losing a multiplicative 2-factor for each dimension; we then show85

that it suffices to use a simple greedy sweep algorithm to solve each 1D instance optimally.86

In general, this algorithm runs in poly(opt, n)d time. This approach can be seen as a87

generalization of a sweep algorithm proposed by Gonzalez in [15] for d–BoxCover. Unlike88

their algorithm, we are required to cover a continuum, and opt can be arbitrarily large89

when compared to the input size. We provide the following two efficient algorithms for the90

practically relevant cases of d = 2 and d = 3 (see Sections 3.3 and 3.4 for details).91

▶ Theorem 1.6. For an n-vertex polygon P ⊆ R2 there is an O((n + opt) log n) time92

algorithm that returns a disconnected small partition of P with at most 2 · opt pieces.93

▶ Theorem 1.7. For a polyhedron P ⊆ R3 with f triangular faces there is an O(f ·opt log f)94

time algorithm that returns a disconnected small cover of P with at most 4 · opt pieces.95

We present our experimental results in Section 4. Code and data are made available97

via HotCRP∗. We show that the 4-approximation algorithm for SmallCover can be98

realized easily in practice and requires no sophisticated geometric data structures. For99

2–DiscoSmallCover, which requires exact geometric primitives and exact construction of100

line intersections, we implement a modification of this approach (which results in a worse101

theoretical runtime but the same approximation guarantee) and show that it works well in102

practice. Our test instances are taken from the Salzburg Database of Geometric Inputs [11].103

We compare resulting solutions with lower bounds obtained from a constraint–programming104

formulation of a set cover instance in which the elements are witnesses inside P and the sets105

correspond to small regions.106

∗ After the review phase, the code will be moved to a permanent repository.96
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2 A 4-Approximation for SmallCover107

We can assume that the input polygon P is not itself small. For points p, q ∈ ∂P , the108

(contiguous) boundary of P in the clockwise direction from p to q is denoted ∂P [p, q]. Let109

opt denote the optimal number of pieces in a small cover or, equivalently (Lemma 1.1) a110

small partition of P . We utilize the following lemma from [3]:111

▶ Lemma 2.1. [3, Lemma 4] Let a0 = ak be an arbitrary point on ∂P and let Q∂ =112

{Q1, . . . , Qk} be a set of small pieces where Qi covers the interval Ii = ∂P [ai−1, ai] and for113

i = 1, ..., k− 1, the endpoint ai is chosen so that a piece of bounded size cannot cover a larger114

interval starting at ai−1. Then, k = |Q∂ | ≤ 2 · opt− 1.115

ai

ai−1
Qi

Figure 1 The piece Qi is obtained from a unit square containing the interval Ii from ai−1 to ai.116

Observe that the pieces Q∂ = {Qi | 1 ≤ i ≤ k} partition ∂P into I∂ = {Ii | 1 ≤ i ≤ k}.117

Constructing I∂ takes O(n + opt) time [3, Lemma 5]. By construction, the width or height118

of Ii, where 1 ≤ i ≤ k − 1, is 1. Since we are looking for a cover of P and not a partition,119

we modify Q∂ a little: first, we no longer enforce that ak = a0 and extend ak along ∂P120

until Ik has width or height 1. Now, consider any Ii ∈ I∂ and let S be any unit square121

containing Ii. Let Qi denote the connected component of S ∩ P that contains Ii; we let122

Q∂ := {Qi | 1 ≤ i ≤ k}. See Figure 1 for an illustration. Since each Ii ⊆ Qi, the pieces123

Q∂ cover ∂P ; we therefore refer to these as boundary pieces. Given Ii, constructing Qi can124

clearly be done in O(n) time; therefore, constructing Q∂ takes O(n · opt) time. We now125

show that the bounding box of a set of points in P uncovered by these boundary pieces is a126

witness to whether they can be covered by the same small piece. For two points p, q ∈ P ,127

we let SP (p, q) denote the euclidean shortest path within P between them. We use x(p)128

and y(p) to denote the x- and y-coordinate of a point p ∈ R2. We use BB(·) to denote the129

axis-aligned bounding box.130

▶ Lemma 2.2. Consider two points p, q ∈ Q ∩ P that are within a small piece Q. If131

SP (p, q) ̸⊂ BB(p, q), then at least one of p or q is covered by a boundary piece Qi ∈ Q∂ .132

Proof. Consider two points p and q which satisfy our premise: i.e., they can be covered by a133

small piece Q and SP (p, q) ̸⊂ BB(p, q). Then, SP (p, q) contains a point that has an x- or134

y-coordinate which is either smaller or larger than both p and q. We assume that SP (p, q)135

contains a point with lower y-coordinate than p and q, the other cases follow symmetrically.136

Let v be the point with smallest y-coordinate in SP (p, q). Clearly, v is a reflex vertex of P137

and is therefore covered in some interval Iv corresponding to a Qv ∈ Q∂ . Let ℓ denote a138

point with the lowest y-coordinate in Iv. We will show that Qv contains either p or q by139

considering two cases: either y(ℓ) < y(v) or y(ℓ) = y(v) (note that y(ℓ) ≤ y(v) since v ∈ Iv).140
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p

ℓ

x
v

q

Figure 2 Illustration of Case 2.2.1. The boundary of the polygon is in purple while SP (p, q) is
marked blue. The polygon Pv is the red region. The gray region lies outside the polygon.

141

142

▶ Case 2.2.1. Assume that y(ℓ) < y(v). We assume that ∂P [v, l] ⊆ Iv: i.e., ℓ appears after143

v in the clockwise ordering of ∂P . The other case is symmetric. Since v has the lowest144

y-coordinate in SP (p, q), we have ℓ /∈ SP (p, q). Therefore, the horizontal line through v145

intersects ∂P [v, ℓ]\SP (p, q); let x be the point closest to v in this intersection. Let Pv denote146

the component of BB(∂P [v, x]) ∩ P containing ∂P [v, x] (see Figure 2 for an illustration).147

Since ∂P [v, x] ⊆ Iv, we have Pv ⊆ Qv. Both SP (p, v) and SP (v, q) lie above −→vx, so either148

SP (p, v) or SP (v, q) is contained in BB(∂P [v, x]) and therefore in Pv. This shows that149

either p or q is in Qv. ⌟150

q

av

bv

v

p 1

q

av

bv

p

v

1

Figure 3 Illustration of Case 2.2.2. The boundary of the polygon is in purple while SP (p, q) is
marked blue. The red region is a subset of Qv. The gray region lies outside the polygon.

151

152

▶ Case 2.2.2. Now, assume that y(ℓ) = y(v). We further break this up into two cases based153

on whether the width or height of Iv = ∂P [av, bv] is 1. Let xb, xt, yb, and yt denote points154

with minimum and maximum x- and y-coordinates in SP (p, q) respectively. See Figure 3.155

Subcase (a). Assume that the width of Iv is 1. Let x1 = min {x(av), x(bv)} and x2 =156

max {x(av), x(bv)}. Since p and q are covered by the small piece Q, xt − xb ≤ x2 − x1 = 1.157

Therefore, either SP (p, v) lies to the right of the line x = x1 or SP (v, q) lies to the left of158

x = x2. Moreover, since SP (p, q) lies above the horizontal line through v, either SP (p, v) or159

SP (v, q) is contained in BB(Iv) ⊆ BB(Qv). This implies that either p or q is in Qv.160

Subcase (b). Assume that the height of Iv is 1. Since y(ℓ) = y(v), we have that either161

y(av) or y(bv) is y(v) + 1. Since p and q is covered by the small piece Q and v is the lowest162

point in SP (p, q), we have [yb, yt] ⊆ [y(v), y(v) + 1]. Recall that Qv was constructed using163
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a unit square which contained Iv, let S be this square: i.e., Qv is the component of S ∩ P164

containing Iv. Let x1 and x2 denote the x-coordinate of the leftmost and rightmost vertices165

of S respectively. As xt − xb ≤ 1, at least one of SP (p, v) or SP (v, q) lies between x = x1166

and x = x2; therefore, one of these paths lie in S. This shows that either p or q is in Qv. ⌟167

This completes the proof of our lemma. ◀168

For a point p ∈ P , let Sp (resp., S′
p) denote the unit square having p its bottom-left (resp.,169

top-left) vertex, and let Qp (resp., Q′
p) denote the component of Sp ∩ P (resp., S′

p ∩ P )170

containing p. Following this simple consequence of Lemma 2.2, we prove Theorem 1.2.171

▶ Corollary 2.3. Consider points p, q ∈ P that are uncovered by pieces in Q∂, where172

x(p) ≤ x(q), and suppose that p and q are contained in the same small piece. Then173

q ∈ Qp ∪Q′
p.174

Proof. By Lemma 2.2, SP (p, q) ⊆ BB(p, q). Since x(p) ≤ x(q), we know p is a left vertex of175

BB(p, q) and thus that BB(p, q) is a subset of either Sp or S′
p, and hence q ∈ Qp ∪Q′

p. ◀176

Proof of Theorem 1.2. We first construct Q∂ , our boundary pieces, in O(n · opt) time;177

note that |Q∂ | ≤ 2 · opt (see the discussion prior to Lemma 2.2). We use an iterative greedy178

sweep-line algorithm to cover the region of the polygon uncovered by Q∂ . Let Q◦ denote179

the set of pieces we use; we initialize Q◦ with ∅ and add two pieces to it in each iteration.180

Note that the region of P uncovered by Q∂ is a collection of (orthogonal) polygons whose181

vertices are defined by a union of O(opt) squares; the complexity of the uncovered region is182

therefore O(opt) [7].183

In the ith iteration, let pi be a leftmost vertex of the uncovered region. Consider the184

small pieces Qpi and Q′
pi

as in Corollary 2.3; we update Q◦ ← Q◦ ∪ {Qpi , Q′
pi
}. Repeat this185

procedure until all points in P are covered. Let k denote the number of iterations of this186

procedure; note that |Q◦| = 2k. Consider W = {pi | 1 ≤ i ≤ k} and two points pi, pj ∈ W187

where i < j. By construction, pj /∈ Qpi
∪Q′

pi
and therefore, by Corollary 2.3, no small piece188

covers both pi and pj . Therefore, W is a set of witness points (i.e., no two points in W189

can be covered with the same piece), so |W | = k ≤ opt. This implies that |Q◦| ≤ 2 · opt;190

overall, our small cover Q = Q∂ ∪Q◦ contains at most 4 · opt pieces. Since each iteration191

takes O(n + opt) time, our runtime follows. See Figures 8 and 9 for examples of the pieces192

constructed by this algorithm. ◀193

3 Approximation Algorithms for DiscoSmallPartition194

In this section, we describe approximation algorithms for d–DiscoSmallCover and d–195

DiscoSmallPartition. Since the optimal number of regions in a disconnected small196

cover is the same as that in an optimal disconnected small partition (see Observation 1.5),197

approximations for one problem are immediately valid for the other. Since partitioning is198

more relevant in practical settings such as 3D printing, we state and prove our results using199

partitions. We first show that the problem can be reduced to a series of 1D problems, losing200

a multiplicative 2-factor for each dimension. We then show that it suffices to use a simple201

greedy sweep algorithm to solve each 1D instance optimally. Naively, each projection can be202

performed in poly(n, opt) time in both cases with a series of projections of section of the203

polygon/polyhedron into 1D. This immediately gives us a 2d−1-approximation algorithm for204

dimension d with runtime in poly(n, opt)d−1. A similar approach was used by Gonzalez in205

[15] to obtain a 2d−1-approximation for d–BoxCover. Our results generalize this idea to206
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covering continuous domains. Our goal in this section is to design efficient algorithms for the207

practically relevant cases of d = 2 and 3 (i.e., to prove Theorems 1.6 and 1.7 respectively).208

▶ Remark 3.1. Consider a polyhedron P ⊆ Rd. The regions obtained by overlaying a unit209

grid on P is within 2d of opt – any small region intersects at most 2d cells of this grid. We210

show here that we can produce disconnected small partition which are 2d−1 of opt.211

3.1 Optimal Cover into Unit Intervals212

Consider a collection I of n intervals on the x-axis. We allow I to contain intervals of two213

types: [a, b] or [a, b). A collection Iu of unit intervals covers I if
⋃

I∈I I ⊆
⋃

J∈Iu
J . We wish214

to compute the minimum number of unit intervals required to cover I. We first preprocess I215

to get an equivalent instance with disjoint intervals by replacing any overlapping pair I and216

I ′ in I with the interval I ∪ I ′. Note that this preprocessing can be done in O(n log n) time.217

We assume hereafter that I contains disjoint intervals. We show that a simple greedy cover218

of I (see GreedyIntervalCover) returns an optimal unit interval cover of I.219

We first define two subroutines for GreedyIntervalCover which can be easily imple-221

mented in O(log n) time for intervals†. In the higher dimensional algorithms we describe222

later, we show how to implement these subroutines without explicitly constructing I.223

(i) intersect(s): Return yes if s is lies in some interval of I; return no otherwise.224

(ii) next(s): Return s if intersect(s) returns yes; return the minimum r ∈
⋃

I∈I I where225

r > s otherwise.226

The GreedyIntervalCover algorithm then proceeds by placing unit intervals from left227

to right, using next(·) to find the next placement. We give pseudocode in Section A.228

▶ Lemma 3.2 (⋆). Given a collection I of n disjoint intervals on the x-axis in sorted order,229

GreedyIntervalCover returns an optimal unit interval cover of I in O(opt · log n) time.230

▶ Remark 3.3. Note that intervals returned by GreedyIntervalCover are interior disjoint.231

3.2 Dimension Reduction232

Consider a given (possibly disconnected) region P ⊆ Rd. For a point p ∈ P , we use p[i] to233

denote its ith coordinate. Let Pt be the set of points p in P such that p[0] ∈ [t, t + 1).234

▶ Lemma 3.4 (⋆). Given a region P ⊆ Rd with an optimal d–DiscoSmallPartition of235

size opt and a collection of optimal d–DiscoSmallPartition solutions Qt for each Pt236

with t ∈ Z. The following holds:237 ∣∣∣∣∣⋃
t∈Z
Qt

∣∣∣∣∣ ≤ 2 · opt.238

▶ Lemma 3.5 (⋆). Consider a region P ⊆ [0, 1]d−1×R and let I denote its projection onto the239

dth-axis. Let Iu be the optimal unit interval cover of I that GreedyIntervalCover returns.240

Then, {[0, 1]d−1 × I | I ∈ Iu} is an optimal disconnected small partition of P .241

† Note: intersect(·) does not appear directly in GreedyIntervalCover, but is used implicitly by next(·).220
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3.3 A 2-Approximation for 2-DiscoSmallPartition242

Consider a polygon P ⊆ R2. We assume that vertices are stored in order on each component243

of the boundary of P , so that the interior of P is to the right of edges. Translate P until the244

smallest x-coordinate of a point in P is 0. We also assume that exactly one vertex v of P has245

x(v) = 0 for convenience. Let L ∈ Z+ be the smallest integer larger than the x-coordinate246

of all points in P . We define columns Ci = [i, i + 1] × R for 0 ≤ i ≤ L − 1 and, as in247

Lemma 3.4, let Pi = Ci ∩P . From Lemmas 3.2 and 3.5, we know that a greedy cover of Pi is248

optimal, so performing greedy cover on each Pi of P yields a 2-approximation. However, only249

Lemma 3.2 is constructive, so implementing an algorithm is still needed. Specifically, we want250

to develop an algorithm which matches the runtime specified in Theorem 1.6. In Section 4,251

we implement a much simpler 2-approximation algorithm for 2–DiscoSmallCover which252

has theoretically worse runtime. However, as we show in that section, it performs very well253

in practice: it computes solutions for large polygons in fractions of a second.254

We process each Pi sequentially from left to right. We begin by sorting the vertices of P255

in x-order; this is stored in a list VP . Each vertex in VP points to its two incident edges. We256

are going to march through VP with a vertical sweep line s. We use pos(s) to denote the257

current x-coordinate of s. We maintain two binary search trees associated with s: the head258

tree Th and the tail tree Tt. We maintain the vertices in Pi in a list Vi sorted by y-coordinate.259

Sweeping across P260

The sweep line s starts with pos(s) = 0. Add all edges incident on the left most vertex261

of P (i.e., VP [0]) to both Th and Tt sorted by y-coordinate order as in classical line sweep262

algorithms – see [6] and [10, Chapter 2]. March through the vertices in VP until we reach263

the vertex with the largest x-coordinate less than 1 (note that this step might involve the264

sweep line not moving at all). As we march through a vertex v, we first insert v to the vertex265

list V0 to maintain sorted y order. Then, we consider v’s two incident edges. If v is the left266

endpoint of an edge e, then we add e to Th by y-coordinate order. This can be achieved with267

a simple binary search comparing whether v lies above or below each active edge in Th. If v268

is the right endpoint, then remove e from both Th and Tt. These operations take log n time269

(see [6] and [10, Chapter 2]). Note the asymmetry – unlike Th where we process both edge270

addition and deletion, we only perform edge deletion from Tt during this march.271

The sweep line s is now at the vertex v immediately before x = 1 (v is processed too).272

We update pos(s) to 1. The obvious discrepancy between the location of s and pos(s) is273

intentional – while x(v) ≤ pos(s), there are no vertices between x = x(v) and x = pos(s).274

We will use pos(s) to infer the current column we are processing.275

We perform our greedy cover in this first column C0. We will refer to this as processing276

P0 (detailed in the following paragraphs). Once P0 is processed, we update Tt using V0 until277

it reaches the same vertex as head. We delete vertices from V0 as we update Tt. Once Tt278

reaches Th, we repeat the process of marching forward and processing the remaining columns279

Ci for 1 ≤ i < L. See Figure 4 for an illustration. We conclude this section with a remark.280

▶ Remark 3.6. When processing Pi, note that Th contains the set of edges that intersect285

x = i + 1 while Tt contains the set of edges that intersect both x = i and x = i + 1 (we refer286

to such edges as spanning edges).287

Processing a column. Consider Pi = Ci∩P . We have maintained one list of vertices Vi and288

two trees (Th and Tt). Using this information, we will implement GreedyIntervalCover with-289

out explicitly constructing I, the projection of Pi on the y-axis, and instead provide imple-290
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Figure 4 The edges stored by Th are given in green, the edges stored by both Tt and Th are
in yellow. The heavy vertical green (resp. red) line is x = i + 1 (resp. x = i). The dotted line
represents the location of the sweep line s while pos(s) = i + 1. Marked vertices are those in Vi.
Left: Status for P0. Right: Status for P1.

281

282

283

284

mentations of intersect(·), and next(·).291

Before implementing the queries, we first perform some preprocessing. Let ni = |Vi|. We292

know that v ∈ Vi lies within this column Ci and is incident on two edges of P . For each293

edge e, first compute the intersection e ∩Ci and then project this onto the y-axis to form an294

interval Ie. We carefully define whether the right endpoint b of Ie is part of Ie: if the line295

y = b is the right of e, we include b in Ie; otherwise we do not. Let Ii represent the collection296

of all such Ie over all v ∈ Vi. In O(ni log ni) time, we construct a disjoint representation297

of the union of all Ie ∈ Ii, marking the endpoints of each component with the edge e that298

produced it. See Figure 5, Far Left. We first describe intersect(·) and then next(·).299

▶ Lemma 3.7 (⋆). Given Vi, Th, Tt, and Ii, intersect(s) can determine if there is a point300

in p ∈ Pi with y(p) = s in O(log n) time.301

We give the full details in Section A. Let ℓs denote the horizontal segment between (i, s)302

and (i + 1, s). To determine if ℓs ∩ P ̸= ∅, we perform a binary search to check if s lies in Ii,303

a series of binary searches on Th and Tt to check for an intersection with a edge of P , and304

finally on both Ii and Tt to check if ℓs ⊆ P . See Figure 5 for an overview of cases.305

Figure 5 Illustration of cases in Lemma 3.7. The lines x = i + 1 and x = i are in green and red
respectively. Pi is shown on the left of each image; gray regions lie outside Pi. In the right of each
image is Ii in blue. The query segment ℓs is given in purple. Far Left: The construction of Ii. Note
that the third interval is partially open. Middle Left: s lies in Ii. Middle: ℓs intersects a spanning
edge of Pi. Middle Right: ℓs ⊆ Pi. Far Right: ℓs ⊆ R2 \ Pi.

306

307

308

309

310

▶ Lemma 3.8. Given V , Th, Tt, and Ii, next(s) can return s if intersect(s) returns yes311

or the y-coordinate of the lowest point of Pi that lies strictly above ℓs in O(log n) time.312
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Proof. First, perform intersect(s); this takes O(log n) time by Lemma 3.7. If inter-313

sect(s) returns yes, next(s) returns s. Otherwise, we need to search for the point r, the314

lowest point of Pi which lies above ℓs. Clearly, r is either (i) a v ∈ Vi; or (ii) the intersection315

of an edge incident on a v ∈ Vi with x = i or x = i + 1; or (iii) an intersection of a spanning316

edge of P with x = i or x = i + 1.317

The edge of ℓs above it in Tt determines the lowest intersection of form (iii). For (i) and318

(ii), we use Ii: using binary search we find the endpoint in Ii which is immediately above s.319

Return r as the lower y-coordinate among these two. Since ℓs is not in Pi (we are in the320

case where intersect(s) returns no), there is point in Pi immediately above ℓr. ◀321

With these two functions implemented, we use GreedyIntervalCover to process Pi.322

Continue onto the next column Ci+1 and repeat until all of P has been covered.323

Correctness and runtime analysis. Since we have implemented intersect(·) and324

next(·) correctly (see Lemmas 3.7 and 3.8), GreedyIntervalCover returns the optimal set of325

unit intervals covering the y-projection of Pi (see Lemma 3.2) for each Pi with 0 ≤ i ≤ L− 1.326

Using Lemma 3.5, these unit intervals are converted to an optimal disconnected small partition327

of each Pi; Lemma 3.4 shows that the collection of these small regions is a 2-approximation328

for P . We are just left with showing that the desired runtime given in Theorem 1.6 is met.329

▶ Observation 3.9 (⋆). The total amortized work of marching the sweepline and maintaining330

Th and Tt is O(n log n).331

▶ Observation 3.10 (⋆). The total amortized work of maintaining Ii and Vi is O(n log n).332

We can now prove Theorem 1.6. Since next(·) takes O(log n) time for each call,333

GreedyIntervalCover takes O(opti · log n) time in each Pi where opti denotes the size of334

an optimal disconnected small partition of Pi. As
∑L−1

i=0 opti ≤ 2 ·opt, the total time taken335

by GreedyIntervalCover is O(opt · log n). From Observations 3.9 and 3.10, we infer that336

we require O(n · log n) time to maintain all required data structures. This gives us an overall337

runtime of O((n + opt) log n) as required.338

3.4 A 4-Approximation for 3-DiscoSmallPart339

Consider a polyhedron P ⊆ R3 with triangulated faces. We assume that each face is oriented340

so that its normal points towards the interior of P . We let f denote the number of faces341

of P . In this section, we prove Theorem 1.7: we describe a 4-approximation algorithm for342

3–DiscoSmallPartition that runs in O(f · opt log f) time. Let L ∈ Z+ be the smallest343

integer larger than x(p) and y(p) over all p ∈ P . We will perform the dimension reduction344

of Lemma 3.4 twice, once in the x direction to get a set of polyhedral domains Pi for all345

0 ≤ i < L, and once again on each Pi in the y direction to obtain a set of Pi,j for all 0 ≤ j < L.346

Note that this induces a L× L grid on the xy-plane. It is crucial that we only consider this347

grid implicitly since it can be as large as O(opt2). Therefore, we will only devote a piece of348

memory to square (i, j) if there is at least one point of P inside the corresponding column349

Cij := [i, i + 1]× [j, j + 1]×R. A column Ci′j′ is a neighbor of Cij if its corresponding square350

(i′, j′) is in the 8-neighborhood of (i, j). To find the non-empty Pi,j , we consider compiling a351

set of faces which touch each column Ci,j . For Ci,j ∩ P = Pi,j ̸= ∅, we have Ci,j ∩ ∂P ≠ ∅,352

so it suffices to check if faces of P intersect Ci,j . We call a Cij active if Pij ̸= ∅.353

▶ Lemma 3.11. Computing the set of active columns, along with the collection of faces that356

intersect each such column can be done in O(f · opt) time.357
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Figure 6 Green cells are the columns Ci,j containing points of the projected face. Red cells are
checked by BFS but do not contain points of the projected face, thus causing BFS to terminate.

354

355

Proof. We iterate through all f faces of P , projecting a face F to the xy-plane, then checking358

off all Ci,j with non-empty intersection with F . Since all faces are triangles, we can simply359

perform an O(1) check for intersection with each column of interest, adding F to its ongoing360

list of intersecting faces or starting a new list if Ci,j has not yet been added as active.361

We now show how to avoid checking for an intersection against all Ci,j (this would incur362

O(opt2) time per face). Let Fxy denote the projection of F onto the xy-plane – note that363

Fxy is a (possibly degenerate) triangle. We start with the column containing the top-left364

corner of Fxy and then check if its neighbors intersect Fxy. We proceed by performing a365

breadth-first search (BFS) on the columns, only advancing with a column’s neighbors if366

there is non-empty intersection. This often referred to as a flood fill algorithm. Since Fxy367

is a triangle, the set of all columns intersecting F must be connected, and thus this search368

suffices to find all columns that intersect F . Since each column has at most 8 neighbors, we369

touch at most 9 times as many columns as those that contain points of f ; therefore O(opt)370

columns. See Figure 6. ◀371

From Lemma 3.11, we can compute the set of active columns, and for every such column,372

the list of faces that intersect it in O(f · opt) time. We cover these columns independently373

using GreedyIntervalCover, and take the union of the column covers as a cover of P . This374

gives us the required approximation guarantee for Theorem 1.7 from Lemmas 3.4 and 3.5. For375

its required runtime, our goal is to perform O(f · opt log f) work overall in our invocations376

of GreedyIntervalCover. More specifically, we want to perform O(f log f) work in each of377

our unit columns, which will total O(f · opt log f) work since we only have O(opt) active378

columns. We show how to achieve this as the last result in this section.379

▶ Lemma 3.12. For the intersection of a polyhedron P with a column Ci,j, computing an380

equivalent instance of 1–DiscoSmallPartition can be done in O(f log f) time.381

Proof. Consider Pi,j = Ci,j ∩ P . For each face F associated with Ci,j , we compute IF , the382

projection of each face F ∩ Ci,j onto the z-axis. In O(f log f) time, we compute the disjoint383

representation of the union of these intervals as in Section 3.3. Let I ′
i,j denote this collection384

of intervals with endpoints stored in sorted order. We can use I ′
i,j to effectively determine385

if a given plane z = s intersects ∂P in Pi,j ; we are left with the case where z = s does not386

intersect ∂P in Pi,j .387

We march through the endpoints in I ′
i,j . Note that each endpoint is associated with some388

face of P . If the face associated with the top endpoint t of an interval indicates that the389

points above it are in P (i.e., its normal has a positive z coefficient), we add the section390

from t to the next bottom endpoint b to I ′
i,j : i.e., we add [b, t] to I ′

i,j . After completing this391
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march through the endpoints of I ′
i,j , we call the resulting collection of intervals Ii,j . Ii,j is392

the required equivalent instance of 1–DiscoSmallPartition. ◀393

▶ Remark 3.13. Constructing the equivalent collection of intervals in Lemma 3.12 was394

much simpler than our algorithm for 2–DiscoSmallPartition (specifically, designing395

intersect(·) in Lemma 3.7) since we are allowed O(f log f) amortized time in each column396

(as opposed to only O(log n) time in Lemma 3.7). This allows us to charge spanning faces397

(the faces of P which contain no vertices the column) of each column to each such column.398

4 Experimental Results399

In this section, we describe our implementations of the approximation algorithms for Small-400

Cover and 2–DiscoSmallPartition. Our implementation closely follows the descriptions401

of previous sections, but should be seen as a proof-of-concept that the presented algorithms402

are indeed implementable without major hidden challenges. No highly optimized geometric403

data structures were used, and geometric operations were performed using standard libraries.404

We used Python 3.11 for our implementation, shapely [14] for geometric operations and405

CP-SAT from Google’s OR-Tools [20, 17] for solving constraint programming formulations.406

All experiments were performed on Linux workstations equipped with AMD Ryzen 9 5950X407

CPUs with 16 cores/32 threads and 128 GB of RAM running Ubuntu 24.04.3. Code and408

data are made available via HotCRP. Instances were taken from the Salzburg Database of409

Geometric Inputs [11]; see Figure 8. For each polygon, two sizes (of pieces) were chosen410

based on the area of the polygon such that a reasonable number of pieces is required to cover411

the polygon. We define the relative area of an instance to be the ratio area/(piece size)2.412

We used relative areas of 10 and 50, for a total of 378 instances. We first describe an exact413

primal-dual approach based on constraint programming which provides us lower bounds.414

4.1 An Exact Primal-Dual Approach415

We compare the solutions produced by our algorithms with lower bounds obtained from a416

CP-SAT formulation of a set cover problem. The universe consists of point witnesses inside417

the polygon, and the objective is to cover these witnesses with the minimum number of small418

pieces. Each witness imposes the constraint that at least one of the pieces covering it must be419

selected. Because the space of possible pieces is infinite, we construct a finite set of candidate420

pieces that suffices to represent an optimal solution. For 2–DiscoSmallPartition, these421

candidates can be taken as maximally sized axis-aligned squares (temporarily ignoring that422

they will later be intersected with the polygon). The additional connectivity constraint in423

SmallCover makes the selection of candidates substantially more challenging; developing a424

principled method to generate a sufficient candidate set for SmallCover is an interesting425

direction for future work. Here, we generate lower bounds for 2–DiscoSmallPartition426

and therefore, for SmallCover.427

Our set cover formulation is as follows: given a polygon P , a set of witness points W ⊆ P428

inside P and a set of candidate pieces Q, find the smallest subset of Q that covers all points429

in W . We minimize
∑

Q∈Q xQ with boolean variables xQ for each candidate piece under430

constraints
∨

Q∈Q:w∈Q xQ for each witness point w ∈W . This resembles a standard set cover431

formulation, which can be solved very efficiently for modest problem sizes using CP-SAT.432

The correctness of this formulation requires a careful choice of the unit squares Q. A square433

covering multiple witness points can either be pinned by a single point in one of its corners,434

or by two points on its boundary (each touching either a vertical or horizontal edge). Thus,435
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we generate candidate squares by iterating over all points in W and generating squares with436

that point in each corner, as well as iterating over all pairs of close points and generating437

squares defined by those points on their boundary. This results in O(|W |2) candidate squares,438

which is manageable for moderate sizes of W . Our implementation starts with an initial439

set of witnesses equally spaced within the polygon and iteratively refines the witness set by440

adding points in areas not covered by the current best solution until either no uncovered area441

remains or a maximum number of witnesses is reached. Witnesses are added by sampling442

points in uncovered areas using a uniform grid with a resolution proportional to the piece443

size. Once the witness set exceeds the given maximum size, we prune away witnesses that do444

not define squares in the current solution to reduce the problem size and make room for new445

witnesses in uncovered areas. Whenever a new solution is found, we try to convert it into446

a feasible solution by greedily covering the uncovered area with additional pieces until no447

uncovered area remains, see Figure 10 for an example. We call this method DualSolver.448

4.2 Approximation Algorithms and Heuristic Approaches449

The first two algorithms, Con-GridAPX and GridAPX, place an axis-aligned grid of the desired450

resolution over the polygon’s bounding box (optionally using several fractional offsets). The451

number of offsets, denoted by k, is shown in the plots below. For each grid cell whose452

intersection with the polygon has non-negligible area, we include the intersection as a453

piece; we repeat this for all offsets and return the offset that yields the fewest pieces. For454

SmallCover, a single intersection may yield multiple pieces if the intersection is disconnected.455

This approach is simple, robust, and easy to parallelize, but it can generate many pieces456

when the grid is poorly aligned and it requires a geometric intersection computation for every457

relevant grid cell. Its running time is therefore dominated by the number of generated cells and458

intersection tests. By Remark 3.1, this is a 4-approximation for 2–DiscoSmallPartition.459

Con-4APX implements the approach from Section 2 for SmallCover. The algorithm460

begins by greedily placing the largest possible square pieces along the polygon boundary461

until no further boundary-anchored pieces fit. It then repeatedly selects the bottom-leftmost462

point p of the remaining uncovered region and places two squares with p as their bottom-left463

and top-left corners, respectively. This process continues until the region is fully covered.464

While conceptually simple, the method requires efficiently finding the largest square anchored465

to the boundary and the largest squares realizable with a given point as a corner.466

ColumnAPX partitions the polygon into vertical columns and covers each column optimally467

by repeatedly placing maximal column-aligned squares from bottom to top, removing468

each placed square from the column’s uncovered region. In the worst case, this yields469

O(n · opt) geometric intersection operations. As shown in Section 3.3, the method is470

a 2-approximation for 2–DiscoSmallPartition. With a sweep-line strategy it can be471

implemented in O((n + opt) log n) time; see Theorem 1.6. Because that implementation472

requires exact geometric primitives (see, for example, [21]) and line-intersection computations,473

it is beyond the scope of this work. Nonetheless, even a naive implementation performs well474

in practice, while remaining easy to understand and requiring only a few lines of code; a475

desirable property in practical applications.476

4.3 Results483

We implemented all algorithms described above and ran them on the selected set of 378484

polygonal instances. For the DualSolver, we added 5 new witnesses per iteration and485

limited the maximum number of witnesses to 750. Our initial witness set consisted of points486
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Figure 7 Left: Run times of the different algorithms. Naturally, the exact solver (DualSolver)
takes significantly longer than the approximation algorithms, which ran into a timeout after 120 s.
Right: Optimality gaps of the different solvers. Notably, ColumnAPX performs best on these instances,
often producing solutions within 40% of optimal.

477

478

479

480

that were placed on the boundary of pieces in GridAPX to ensure an even distribution in487

the beginning. As can be seen in Figure 7 all approximation algorithms run within a few488

seconds, while DualSolver frequently hits the timeout of 120 s. Regarding solution quality,489

DualSolver is suprisingly ineffective at finding primal solutions (i.e. feasible covers). Only a490

small number of instances are solved to optimality within the time limit, see Figure 8 for an491

example of an optimal solution. Solutions often have tiny uncovered slivers that are hard to492

cover with few additional pieces, see Figure 8 for examples. GridAPX has been tested with493

a single grid offset as well as with k = 100 offsets and shows only moderate improvements494

when using multiple offsets. ColumnAPX consistently outperforms GridAPX and often finds495

solutions within 40% of optimal. In general, Con-4APX performs very well in practice, often496

producing solutions between 40% and 50% of the optimal solution. Despite the non-linear497

implementation, ColumnAPX is reasonably fast for most instances with runtimes that are498

comparable to the simple GridAPX.499
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Figure 8 A selection of solutions produced by the algorithms. The leftmost plot shows the lower
bound produced by DualSolver with witness points in blue and uncovered areas marked in red.
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Figure 9 Example solution of the 4-approximation algorithm for SmallCover. The interior and
boundary pieces are shown in different colors.

569

570

A Supplemental Material for Section 3568

Algorithm 1 Greedy Interval Cover571

1: Input: I is collection of disjoint unit intervals given in sorted order572

2: Output: An optimal partition of I into unit intervals573

3: Iu ← ∅574

4: s← the first endpoint of I575

5: t← the last endpoint of I576

6: while s < t do577

7: s← next(s)578

8: Iu ← Iu ∪ {[s, s + 1]}579

9: s← s + 1580

10: end while581

11: return Iu582

▶ Lemma 3.2 (⋆). Given a collection I of n disjoint intervals on the x-axis in sorted order,583

GreedyIntervalCover returns an optimal unit interval cover of I in O(opt · log n) time.584

Proof. Consider W = {a | [a, b] ∈ Iu}, the distance between any two points in W is at least585

one by construction and therefore they cannot be covered by the same unit interval (i.e., W586

is a witness set). Therefore, |Iu| = |W | ≤ opt ≤ |Iu|; this proves that Iu is optimal. Since587

next(·) takes log n time, the runtime of O(opt · log n) follows. ◀588

▶ Lemma 3.4 (⋆). Given a region P ⊆ Rd with an optimal d–DiscoSmallPartition of589

size opt and a collection of optimal d–DiscoSmallPartition solutions Qt for each Pt590

with t ∈ Z. The following holds:591 ∣∣∣∣∣⋃
t∈Z
Qt

∣∣∣∣∣ ≤ 2 · opt.592
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Proof. Consider an optimal disconnected small partition Q′ of P and a small region Q′ ∈ Q′.593

Since Q′ lies within a unit hypercube, Q′ intersects at most 2 regions in {Pt | t ∈ Z}. If we594

split each Q′ ∈ Q′ by the hyperplane defined by p[0] = t for all t ∈ Z, we have a valid set of595

solutions to each Pt of total size at most 2 · opt. Since each Qt is optimal,
⋃

t∈ZQt must596

use at most 2 · opt small regions. ◀597

▶ Lemma 3.5 (⋆). Consider a region P ⊆ [0, 1]d−1×R and let I denote its projection onto the598

dth-axis. Let Iu be the optimal unit interval cover of I that GreedyIntervalCover returns.599

Then, {[0, 1]d−1 × I | I ∈ Iu} is an optimal disconnected small partition of P .600

Proof. Consider an optimal disconnected small partition Q of P and let Iu denote the601

optimal unit interval cover of I that Algorithm 1 returns. For each I ∈ Iu, consider the602

small region ([0, 1]d−1 × I) ∩ P . Using Remark 3.3, we infer that the collection QI of these603

regions is a disconnected small partition of P ; so |Q| ≤ |QI | = |Iu|. On the other hand,604

let IQ denote the projected interval of Q ∈ Q onto the dth-axis. Replace IQ with a unit605

interval that covers it (since Q is a small region, this is indeed possible). The collection606

IQ = {IQ | Q ∈ Q} is now a unit interval cover of I. This shows that |Iu| ≤ |IQ| = |Q|.607

This proves that QI is an optimal disconnected small partition of P as required. ◀608

▶ Lemma 3.7 (⋆). Given Vi, Th, Tt, and Ii, intersect(s) can determine if there is a point609

in p ∈ Pi with y(p) = s in O(log n) time.610

Proof. Let ℓs denote the line segment [i, i + 1]× {s} (i.e., the horizontal segment through s611

bounded by Ci). To determine if ℓs intersects Pi, we dive into three cases; intersect(s)goes612

through these cases in the given order.613

▶ Case A.0.1 (s lies in Ii). With the endpoints of each component of Ii in sorted order,614

we can determine whether s lies in a semiclosed interval of Ii or not with binary search in615

O(log ni) time. If this is true, intersect(s)returns yes, since s intersects an edge of Pi. See616

Figure 5, Middle Left. ⌟617

▶ Case A.0.2 (ℓs intersects a spanning edge e of Pi). If e is not incident on a vertex in Ci,619

e appears in Tt. Perform binary search on Tt to determine where the point (i, s) lies. The620

point either lies between two edges in Tt or above (resp. below) all its edges; let e be highest621

(resp. lowest) edge in this case. We refer to these as flanking edges, plural, for brevity. These622

flanking edges can be computed in O(log n) time. In constant time, we determine if they623

intersect ℓs
‡; intersect(s)returns yes if either do. See Figure 5, Middle. ⌟624

Cases A.0.1 and A.0.2 effectively determine if ℓs intersects an edge of P . This leaves only625

two possibilities: either ℓs lies completely inside P or completely outside P .626

▶ Case A.0.3 (ℓs does not intersect any edge of P ). Since ℓs ⊆ P or ℓs ⊆ R2 \ P , it suffices627

to check whether (i + 1, s) ∈ Pi. Consider its flanking edges in Th as in Case A.0.2. Let e628

be a flanking edge of (i + 1, s) in Th. Recall that the edges of P are oriented so that their629

right points towards P ; intersect(s)returns yes if (i + 1, s) is to the right of e, otherwise630

it returns no. Since flanking edges can be found in O(log n) time, this case only requires631

O(log n) time. See Figure 5, Middle Right and Far Right. ⌟632

Our cases are exhaustive and require O(log n) time each to process; the lemma follows. ◀633

▶ Observation 3.9 (⋆). The total amortized work of marching the sweepline and maintaining634

Th and Tt is O(n log n).635

‡ When this intersection is at (i, s) we return yes if, and only if, ℓs lies to the right of the edge.618
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Iteration 1, LB: 9, UB: 18 Iteration 6, LB: 10, UB: 18 Iteration 10, LB: 10, UB: 17

Figure 10 Iterations of the primal dual approach. The figure shows the upper bound and lower
bound maintained by the algorithm after each iteration.

641

642

Proof. This follows immediately from the complexity of well-known line sweep algorithms –636

see [6] and [10, Chapter 2]. ◀637

▶ Observation 3.10 (⋆). The total amortized work of maintaining Ii and Vi is O(n log n).638

Proof. Constructing Vi and Ii in each Pi takes O(ni log ni) time where ni is the number of639

vertices of P in Pi. Since a vertex of P is in exactly one Pi, the overall runtime follows. ◀640
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